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Magnetism - the spontaneous alignment of atomic moments in a material
- is driven by quantum-mechanical ‘exchange’ interactions which operate over
atomic distances as a result of the fundamental symmetry of electrons. Cur-
rently, one of the most active fields of condensed matter physics involves the
study of magnetic interactions that cause1,2 , or are caused by3,4 a twisting of
nearby atoms. This can lead to the magnetoelectric effect that couples electric
and magnetic properties, and is predicted to play a prominent role in future tech-
nology. Here, we discuss the complex relativistic interplay between magnetism
and atomic crystal structure in a class of materials called ‘weak ferromagnets’.
The sign of the underpinning Dzyaloshinskii–Moriya5–8 interaction has been de-
termined for the first time, by using synchrotron radiation to study iron borate
(FeBO3). We present a novel experimental technique based on interference be-
tween two x-ray scattering processes (one acts as a reference wave) which we
combine with a second unusual approach of turning the atomic antiferromag-
netic motif with a small magnetic field. We show that the experimental results
provide a clear validation of state-of-the-art theoretical calculations. These ex-
perimental and theoretical approaches open up new possibilities for exploring,
modelling and exploiting novel magnetic and magnetoelectric materials.
There is considerable mystery behind the origins of complicated structures. While the
dominant short-range interactions that allow the building blocks to grow are well under-
stood, the much more subtle forces that lead to a particular twisting at larger length-scales,
such as chiral biological molecules and liquid crystals9, and canted magnetic systems3, re-
main subjects of topical debate. In this Letter we seek to address this question for the
case of magnetism. Our main findings are two-fold: first, we demonstrate a novel and ele-
gant experimental method for exploring magnetic materials with weak relativistic spin-orbit
interactions, and second, we present a state-of-the-art quantum-mechanical many-body ap-
proach to the detailed description of such interactions in crystals. As a touchstone example
we selected the crystal of iron borate (FeBO3) which is a strongly correlated electron sys-
tem with a relatively simple crystal structure, nonetheless allowing a non-trivial canted and
locally twisted magnetic ordering pattern. Taken together, these two strands demonstrate
that modern condensed matter theory is capable of determining the elusive sense, or sign,
of the Dzyaloshinskii-Moriya (DM) interaction, and is thus able to elucidate the mechanism
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for coupling electric and magnetic degrees of freedom in magnetoelectric multiferroics, and
to begin to predict the properties of this important class of materials.
The interactions between atomic magnetic moments (or spins) is not direct, but mediated
by the intervening matter. Coupling can be diminished through screening10, or enhanced, for
example, by superexchange via oxygen atoms11. Moreover, the coupling is a property of the
material and must therefore possess all of its symmetries (Neumann’s principle). The most
general form of the bi-linear coupling energy between two spins contains a scalar (isotropic)
exchange term, exchange anisotropy (which we will neglect for the present discussion) and
an antisymmetric term that reverses with permutation of the spin indices. The latter is
the Dzyaloshinskii-Moriya interaction, which can be expressed in terms of a DM vector, D,
and the vector product of spins, leading to a spin-dependent energy (classical Heisenberg
model),
∆E =
∑
m6=n
JmnSm · Sn +
∑
m6=n
Dmn · [Sm × Sn]− µBgS
∑
m
H · Sm (1)
where the summations run over all magnetic atoms. Sm is a unit vector along the direction of
themth spin of magnitude S, µB is the Bohr magneton and g ≈ −2 is the gyromagnetic ratio.
Both the exchange coefficients Jmn and the DM vectorsDmn depend on the relative positions
of the magnetic atoms. The first term in equation (1) prefers parallel/antiparallel coupling
of spins (depending on the sign of Jmn), while second favours an orthogonal alignment,
producing a twist, or canting, of the atomic moments.
In 3d transition metal oxides it is usually necessary to consider only the nearest neigh-
bours, since these dominate the exchange interactions. The DM interaction is typically a few
percent of the isotropic term (∼0.1 meV, compared to ∼10 meV), producing just a modest
canting. Nevertheless, the effect is important. A spontaneous rearrangement of atoms to
favour the DM interaction (often called the inverse DM effect) can produce a large elec-
tric polarization in magnetoelectric materials1,2. In so-called ‘weak ferromagnets’ canting
of the otherwise collinear antiferromagnetic arrangement leads to a small net ferromagnetic
polarization that couples strongly to an external magnetic field12.
Important symmetry restrictions on the DM vector have been discussed since it was
initially introduced more than fifty years ago5–8. In the case of FeBO3, with crystal symmetry
R3¯c, there are two iron atoms at the 2b inversion centres, two boron atoms at the 2a positions,
and six oxygens at 6e sites. If the oxygen atoms were absent, or positioned exactly between
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two neighbouring iron atoms, the symmetry would be R3¯m, which does not allow the DM
interaction. It is therefore the small displacement of oxygen atoms, striving towards a
close-packed structure, that drives iron borate into the observed complex magnetic ordering
pattern. A closer examination of the FeBO3 crystal structure (Fig. 1) reveals that each Fe
atom is connected to six equivalent nearest Fe neighbours: three in the plane above and
three below. The six DM vectors linking these Fe atoms are related by symmetry and when
summed, lead to a resultant vector along z. It follows from equation (1) that the DM vector
of this type induces a twist between A and B spins in the xy plane, but the symmetry alone
cannot say whether this twist will be left-handed or right-handed. The absolute sign of local
twist can be found both experimentally and theoretically using techniques described in the
following text.
The present experimental technique relies on the fact that the weak ferromagnetic moment
is perpendicular to the opposing antiferromagnetic (AF) components (Fig. 1) . Since the
former can be turned with a small external field (Fig. 2), the dominant AF structure is
‘dragged’ around to follow it, offering a powerful new method to manipulate the magnetic
x-ray diffraction. In order to determine the sign of the DM interaction, we must determine
whether the rotation of spins is in the same sense as the rotation of the oxygen triangles,
or opposite. Unfortunately, the standard techniques for characterising antiferromagnetic
structures - x-ray or neutron diffraction - do not help: The sign of the twist appears in the
phase of the diffracted wave, which is lost in an intensity measurement - an aspect of the
famous ‘phase problem’ of crystallography. Borrowing from the ideas behind holography, it
was recently suggested by some of us13 that the sign of the DM vector could be measured with
resonant x-ray diffraction by observing interference between the resonant14 and magnetic15
scattering amplitudes. The resonant scattering process adopted is a rather exotic one,
involving pure electric quadrupole events (i.e. beyond the usual dipole approximation). Its
phase and amplitude vary rapidly with photon energy, being significant only very close the
the Fe K x-ray absorption edge energy of 7.11 keV, and it has a complex dependence on
both photon polarization and the rotation of the sample about the normal to the diffracting
planes (ψ-angle). However, in recent years, such phenomena have been studied in detail
and are now extremely well understood16,17. Moreover, both the resonant and magnetic
scattering signals appear at the same Bragg reflection positions - (hkl) = (0, 0, 6n+3) - that
are ‘forbidden’ for the vastly stronger charge scattering processes, and have comparable
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amplitudes to each other, maximizing the effects of interference. The sign and amplitude
of the magnetic scattering signal depends on the spin direction, which can be rotated with
a magnetic field. We thus expect control of the amplitude and phase of both the magnetic
scattering and resonant reference wave, allowing the phase of the magnetic scattering to be
determined. Details of the magnetic and resonant scattering amplitudes are given in SI.
Three types of measurement are presented. The first shows a remarkable effect - an
apparent jump in the energy of the resonant scattering peak as the magnetic motif is rotated
by 180◦, as a result of constructive (destructive) interference to the low (high) energy side
of the resonance (Fig. 3) . The opposite jump was observed when the phase of the resonant
scattering was reversed by changing the sample ψ angle. Both jumps are reproduced by our
ab initio calculations, which make a definite prediction for the sign of the DM interaction,
the phase of the magnetic scattering amplitude, and thus the direction of the jump. The
second measurement shows the intensity, measured as a continuous rotation of the field angle,
for the low and high energy side of the resonance. For the final measurement, the sample
azimuthal angle was varied continuously, with a fixed photon energy and field applied in
two orthogonal directions. In all cases, the phase of the magnetic scattering, who’s reversal
would convert red to green lines and vice versa were consistent, completely unambiguous,
and in agreement with the calculations.
One of the main goals of the present work is to demonstrate that the sign of the DM inter-
action can be determined reliably not only by experiment but also theoretically. To this end
we have performed first-principles calculations by using Local Density Approximation incor-
porating the on-site Coulomb interaction U and the Spin-Orbit coupling (LDA+U+SO)18,19.
Our calculations predict (see SI) that the lowest energy stable magnetic structure is precisely
the one observed experimentally and shown in Fig. 1. Furthermore, we predict that the
magnetic twist between adjacent layers is in the same direction as the twist of the oxygen
triangles. This is the basis for the calculated curves in Fig. 3 , and is thus very clearly
confirmed by experiment.
Since the vector product [SA × SB] in equation (1) is parallel to z-axis, and the corre-
sponding DM interaction must reduce the energy of the system, we can deduce that DzAB
is negative. The absolute value of the DM interaction energy is readily estimated from the
measured canting angle (0.9◦) and isotropic exchange interaction: |DzAB| = 2J |SySx | = 0.33
meV. Here J is approximately 10.3 meV.
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The determination of the Jmn and ~Dmn parameters with account of hybridization, corre-
lation, temperature and spin-orbit coupling effects is a complex methodological and compu-
tational problem requiring a whole arsenal of numerical techniques8,20–22. Here, we outline a
second, and very general next-generation method that has a simple formulation and captures
all important electronic and magnetic excitation effects23. The resulting expression for the
correlated band DM interaction can be applied to a wide range of materials and is given by
Dmn = − i
2
TrL,σ
{
Nnm[Jˆ, tˆmn]+
}
, (2)
where Nnm is the the energy-integrated inter-site Green’s function which describes the prop-
agation of an electron from site n to m, Jˆ is the total moment operator, tmn is the hopping
matrix and [., .]+ represents an anticommutator (see SI §IV for details). The method is
developed in a many-body form, thus, the state-of-the-art numerical approaches such as
dynamical mean-field theory can be used to take into account temperature and dynamical
Coulomb correlations effects.
The calculated DM vector linking iron atoms 0 and 1 (Fig. 1) , for example, is D01=(-
0.249, 0, -0.240) meV. By symmetry, it lies in the xz plane, perpendicular to the two-fold
axis that passes through the oxygen atom8. All six symmetrically-equivalent vectors have
the same z component, but the xy components average to zero. Our calculated canting angle
of 0.7◦ is only slightly smaller than experimental value of 0.9◦, used for the self-consistent
calculation.
Crucially, the sign of the DM interaction, which we have predicted by two theoretical
methods, determines the direction of twist of the magnetic structure, which affects the
phase of the magnetic scattering and the sign of the interference term in Fig. 3. It is thus
confirmed unambiguously by the experimental data.
In conclusion, we show that a new interference technique in which measurements are
carried out with precise control of the amplitude and phase of a reference wave gives an
unambiguous result for the sign of the Dzyaloshinskii-Moriya interaction. We find that the
twist in the magnetic structure is in the same direction as that of the oxygen atoms. The
results prove the efficacy of state-of-the-art electronic structure calculations, able to predict
the magnetic ground-state and both direction and strength of the DM interaction. These
findings take us a step closer to realising the prediction of complex non-collinear magnetic
structures and the associated properties of an important class of materials that includes
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weak ferromagnets and multiferroics.
Experimental Method
The experiments were mostly carried out at beamline BM28 (XMaS), European Syn-
chrotron Radiation Facility24, with preliminary investigations of the pure magnetic and
pure resonant scattering carried out at beamline I16, Diamond Light Source25 (See SI).
Both beamlines provide intense x-ray beams covering the required energy range (≈ 7 keV),
focussed onto a 10-800K cryofurnace, mounted at the centre of large six-circle diffractome-
ters. The sample - a single crystal of FeBO3 ∼ 4 × 3 × .05 mm3 in size - was attached
with its 001 surface normal to the diffractometer φ rotation axis24, which was parallel to
the azimuthal rotation axis, ψ (Fig. 2). Two small rare-earth magnets provided a magnetic
field of 0.011 T, sufficient to saturate the weak ferromagnetism within the crystal xy plane,
with an orientation determined by the motorized rotation angle of the magnets around the
φ axis. Scattering was in the vertical plane, perpendicular to the linearly (σ)-polarized inci-
dent beam, and a linear polarization analyser, based on a Cu 220 Bragg reflection, selected
just the rotated (σ → π) polarization channel. Most measurements were carried out at tem-
perature T=200K where the moments are close to saturation, with subsidiary measurements
performed at T=400K (well above the magnetic ordering temperature of ∼ 348 K) where
the magnetic scattering is absent.
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Figure Legends
FIG. 1. Atomic and magnetic order in FeBO3. Left: a magnetic (hexagonal) unit cell, showing
oxygen atoms (red), boron atoms (black), and two symmetry-related magnetic iron sublattices
(blue and grey) with moments tilted between the two. Right: The local environment of one of the
grey (A-site) Fe atoms, showing neighbouring B-site Fe atoms (blue). The upper and lower oxygen
triangles are coloured green and red, and boron atoms removed, for clarity. Centre: The same
structure from the top, highlighting the twisted superexchange paths from the A-site Fe atom to
to upper Fe layer (dark blue) and the lower layer (pale blue) via the oxygen triangles.
FIG. 2. A schematic of the experiment, showing the incident and scattered x-ray beams and
the FeBO3 crystal with weak ferromagnetic moments directed along the direction of the applied
magnetic field. Sample and field were rotated about a common axis so that ψ = 0 and η=0
correspond to the the crystallographic (100)hex axis, and field direction (from south to north pole
of the magnet assembly), directed along k+ k′, respectively.
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FIG. 3. The major experimental results from FeBO3 along with simulations based on a ‘double
resonance’ model (see S.I). Top: A remarkable shift in the x-ray resonance energy is observed on
rotation of the magnet (η = ±90◦). The shift reverses as the sample azimuth is rotated from ψ = 0
to ψ = 60◦, and is evident in both experimental data and model calculations. Middle: The origin of
the energy jump can be understood by considering interference between the constituent amplitudes.
The magnetic amplitude is in phase with the imaginary part of the resonance amplitude (black
lines), causing constructive/destructive interference on the low/high energy side of the resonance,
depending on the relative phase of the magnetic and resonant scattering amplitudes. Bottom: The
same fitted amplitudes give very good agreement with intensity measurements versus field angle
(left), with the resonance amplitude reversed by shifting the energy above and below the resonant
centre. Right: The intensity variation with azimuthal angle and opposite magnetic amplitudes
(η = ±90◦). In all plots, circles represent experimental data and solid lines are calculations.
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Twisted magnetic patterns:
Exploring the Dzyaloshinskii–Moriya vector
Supplementary Information
I. PURE MAGNETIC SCATTERING FROM IRON BORATE
The primary result of the present study is to determine the phase of magnetic x-ray
scattering from FeBO3, by observing interference with resonant forbidden scattering, from
which the sign of the Dzyaloshinskii-Moriya (DM) interaction can be determined and com-
pared to new theoretical models. In order to carry out such an analysis with confidence, it
is necessary to establish that the pure magnetic and pure resonant signals can be modelled
reliably and accurately, with a particular emphasis on their phases. We begin by discussing
the theoretical and experimental forms of the magnetic scattering.
Quantum or semi-classical electrodynamical calculations give a well established expression
for the amplitude of spin magnetic x-ray scattering1–3
fm = ire
h¯ω
mc2
B · Fspin(Q) (3)
where Q is the scattering vector, vector Fspin(Q) is the corresponding Fourier harmonic of
the spin (not magnetic moment!) density, re = e
2/mc2 is the classical electron radius, h¯ω is
the photon energy and vector B determines polarization properties of spin scattering:
B = (ǫ′∗ × ǫ)− [(k′ × ǫ′∗)× (k× ǫ)− (k′ × ǫ′∗)(k′ · ǫ) + (k · ǫ′∗)(k× ǫ)] /k2. (4)
Here ǫ (ǫ′) and k (k′) are the polarization and wave vectors of the incident (scattered)
waves, k′ = k+Q, k = ω/c. The sign of this expression is positive if the x-ray plane wave is
written as exp[i(k · r−ωt)]. The (negative) sign of the scattering electronic charge, e, is not
important because the scattering amplitude depends only on e2. For σ and π polarizations
(linear polarization perpendicular and parallel to the scattering plane, σ × π = k) and
polarization states expressed as column vectors, B can be written as
B(ǫ′, ǫ) =

 Bσ′σ Bσ′pi
Bpi′σ Bpi′pi

 =

 k× k′ −k′(1− k · k′)
k(1− k · k′) k× k′

 . (5)
It is important to note that the non-resonant magnetic scattering has both a non-rotated
(σ → σ′) and a rotated (σ → π′) component. Only the latter will play a role in interference
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because the resonant scattering has only this component. The orbital contribution to non-
resonant magnetic scattering is expected to be small for iron in FeBO3 (confirmed both by
our experimental data and ab initio simulations) and will be neglected for the time being.
In weak ferromagnets of FeBO3 type, the direction of Fspin(Q) for the pure antiferro-
magnetic reflections is normal to the threefold axis and to the direction of the external
magnetic field H (applied in the easy plane). There are only two iron atoms per unit cell
and the magnetic structure factor Fspin(Q) of forbidden reflections (i.e. reflections of the
form (hkl) = (0, 0, 6n + 3), which are completely forbidden by spacegroup selection rules
for isotropic scattering) has a simple form: Fspin(Q) = 2SfS(Q)
H×D¯
|H||D¯|
where S is the total
spin of iron atom and fS(Q) is the spin form factor. If the spin structure factor Fspin(Q)
is real (for instance for centrosymmetric structures) then the magnetic scattering amplitude
is purely imaginary. The sense (sign) of Fspin(Q) is determined by the sign of the average
Dzyaloshinskii-Moriya vector D¯ and by direction of the magnetic field H. Vector Fspin(Q)
can be rotated in the easy plane by rotation of H as long as H is strong enough to overcome
the in-plane magnetocrystalline anisotropy (in the xy plane).
Measurements of the pure magnetic (003) reflection vs magnetic field angle were carried
out at Beamline I16, Diamond Light Source4, at an energy of 5.1 keV, chosen to be far from
the iron K-edge resonance and free from multiple scattering artefacts. The results, shown in
Fig. 4, reveal data of spectacularly high quality due to that fact that no sample rotation is
required for this new type of measurement. Moreover, the data agree extremely well with the
calculated intensity (to within a single scaling parameter) based on the above expressions,
confirming the negligible contribution from orbital magnetism. Magnetic scattering mea-
surements were carried out at ambient temperature, well below the ordering temperature of
TN ≃ 348 K. On heating the sample in a closed-cycle cryofurnace, the magnetic scattering
intensity followed the expected form of a second-order phase transition (Fig. 5), reported in
the literature5.
II. PURE QUADRUPOLE RESONANT SCATTERING FROM IRON BORATE
The charge scattering amplitude consists of two parts: non-resonant Thomson scattering
and resonant scattering. The latter is traditionally called ‘anomalous’ scattering:
fc = −re ((ǫ′∗ · ǫ)FT(Q) + ǫ′∗ · Fres(Q) · ǫ) (6)
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FIG. 4. The dependence of the non-resonant magnetic (003) Bragg reflection intensity on the
magnetic field angle (B≃0.011 T)), measured at an energy of 5.1 keV. Red circles are data points
and the calculated spin-scattering intensity is shown by a solid green line.
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FIG. 5. The (003) magnetic diffraction intensity at 5.1 keV with a field angle of 90◦ vs temperature,
across the magnetic phase transition. The solid line is a power-law fit to the function I ∝ |M |2 ∝
(TN − T )2β, giving β = 0.305(2).
where scalar FT(Q) is the structure factor of the electron density and tensor Fres(Q) is the
structure factor of resonant scattering. The tensorial properties of Fres(Q) are especially
pronounced near absorption edges6 where the resonant atomic factors reflect the symmetry
of corresponding atomic positions, the shape and orientation of chemical bonds etc. For
forbidden reflections FT(Q) = 0 because scalar scattering of two (or more) equivalent atoms
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in the unit cell cancels exactly, whereas Fres(Q) can be non-zero because the tensor atomic
factors of those equivalent atoms can be different if the atoms are related by screw-axes or
glide mirror planes, i.e. they are oriented differently.
A symmetry analysis of the resonant scattering tensor7,8 from the iron sites in FeBO3
reveals that, for forbidden reflections of the form (hkl) = (0, 0, 6n + 3), the lowest order
contributing tensor is of rank four, which can arise from pure electric quadrupole 1s → 3d
transitions. Since transitions of this kind, into the relatively narrow 3d band, tend to be
reduced in energy due to differences in core-hole screening, one might expect a very sharp
resonance just below the Fe K edge. This is precisely what was observed and is shown in
Fig. 6, with experimental data taken again at Diamond I16. That the tensorial (geometrical)
properties of the resonant scattering are as expected can be confirmed by measuring the (003)
resonant Bragg peak as a function of the sample azimuthal (ψ) rotation, and comparing
with the calculated angle dependence. While multiple scattering events inevitable appear as
‘noise’ in such a measurement, the results indicate very good agreement with the calculations
and give confidence in the physical interpretation of the scattering process.
The resonant scattering energy spectrum shows, to a first approximation, a single reso-
nance. However, modelling the scattered intensity with the FDMNES program9 reveals an
energy dependence that is slightly better described by two nearby resonances. The FDMNES
results, verified by the experimental data, provide a valuable tool to describe the resonant
scattering.
It is interesting to note that, while weak ferromagnetism and resonant forbidden diffrac-
tion are each relatively rare, there appears to be a very strong tendency for the former to
exhibit the latter. This can be understood qualitatively by the fact they both phenomena
rely on a twisted local environment of heavy atoms.
III. THEORY: FDMNES AND SCATTERING PHASES
Most crucial for the present study is the relative phase between the resonant charge and
magnetic scattering terms, determined by the structure factors Fres(Q) and Fspin(Q). The
magnetic term was calculated according to Eq. 3 and for resonant scattering amplitude we
used the FDMNES program (see Fig. 8 for some important definitions) as outlined above.
Fig. 9 shows the calculated absorption and scattering amplitudes with various azimuthal
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FIG. 6. The absorption (fluorescence) spectrum of FeBO3 near the Fe K edge (green line), showing
a weak pre-edge peak. Red: the resonant (003) forbidden scattering spectrum, showing a single
sharp peak at the absorption pre-edge position.
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FIG. 7. The measured sample azimuthal angle dependence of the (003) resonant scattering peak
(red circles) along with a calculated curve, assuming a forth-rank scattering tensor arising from
pure electric quadrupole transitions.
and field angles, while in Fig. 10 we highlight the real and imaginary parts of the resonant
structure factor in the pre-edge region just below the Fe K-edge (black and magenta dotted
lines correspondingly) and show how the intensity peak shifts down or up in energy due
to interference with the positive or negative magnetic scattering amplitude. We see that
a modest non-resonant magnetic scattering produces a pronounced difference in reflection
intensities owing its interference with the imaginary part of the resonant scattering. The
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most important aspect of the calculated magnetic/resonance interference is that we observe
a clear energy jump which determines the phase of the magnetic scattering elegantly and
unambiguously.
Let us assume (as predicted by the present theory) that the DM interaction induces a
small left-hand twist of opposing spins of atoms at (0,0,0) and (1/2,1/2,1/2). This means
that in the DM energy, EDM = D · [S0 × S1/2], vector D is directed opposite to z (opposite
to c). (Note that the magnetic moment is opposite to the spin direction since g ≃ −2 is
negative). In Fig. 8 , for the indicated direction of H(η = 90◦), the magnetic moment of
the atom at (0,0,0) is directed up and slightly left whereas for the atom at (1/2,1/2,1/2)
the magnetic moment is directed down and slightly left. Correspondingly, the spin of the
atom at (0,0,0) is directed down and slightly right whereas for the atom at (1/2,1/2,1/2)
its spin is directed up and slightly right (shown by short green arrows). For the opposite
direction of H all the moments and spins change sign. The conventional orthorhombic unit
cell (used in FDMNES) is shown as black rectangle. Experimental azimuthal angle ψexp=0
corresponds, in FDMNES, to ψort = 30
◦ (dashed arrow); for ψexp = −60◦, ψort = −30◦.
It is convenient to rotate the orthogonal axes to an equivalent orientation so that yort
will be vertical (red rectangle). In this case the spin of the atom at (0,0,0) is directed
along -yort whereas for the atom at (1/2,1/2,1/2) it is directed along yort, so that the spin
structure factor Fspin is proportional to -yort. Now, for ψexp = 0 the FDMNES azimuthal
angle ψort = 270
◦ or −90◦.
The FDMNES amplitudes are calculated for small cluster of radius 4.0 A˚, containing 33
atoms. We find that the size of the cluster and the method of calculation (Green’s function or
finite difference method) are not crucial for the important details of quadrupole-quadrupole
scattering, either in amplitude or sign. The sign of the non-resonant magnetic scattering
in FDMNES is given by fmag = iB · Fspin, where B is the vector of the non-resonant spin
scattering. Bpi′σ = 2k sin
2 θ, giving fmag = i|S| sin η. For Thomson scattering FDMNES
gives correctly f0 + f
′ + if ′′ with f0 + f
′ < 0 and if ′′ > 0. (Note that, the magnetic
scattering intensity in Fig. 4 does not go exactly to zero because the data correspond to
the total scattering intensity Iσ′σ + Ipi′σ, whereas we consider here only the rotated (π
′σ)
polarization channel that takes part in interference.)
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FIG. 8. Angles in FDMNES and in the experiment. Small circles are Fe atoms.
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FIG. 9. FDMNES simulations. Left: Real (green) and imaginary (dark blue) scattering amplitudes,
and intensity (magenta), of (009) reflection for ψ = 270◦ (ψexpt = 0), along calculated absorption
spectra for various crystallographic directions. Right: The same intensities of (009) reflection for
two orientations of magnetic field, shown with their real and imaginary parts. The non-resonant
magnetic scattering amplitude is constant, shifting the imaginary parts up or down. The real parts
are almost indistinguishable.
IV. THEORY: ELECTRONIC STRUCTURE CALCULATIONS
To simulate the electronic structure and magnetic properties of iron borate in the ground
state we used the tight-binding linear-muffin-tin-orbital atomic sphere approximation (TB-
LMTO-ASA) method10 in terms of local spin density approximation, taking into account
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FIG. 10. Complex scattering amplitudes and intensities of the σ-to-π (009) forbidden reflection,
calculated using the FDMNES program. The black and magenta dotted lines correspond to the real
and imaginary parts of the resonant structure factor in the pre-edge region just below the Fe K-
edge. Straight magenta lines show pure imaginary amplitudes of non resonant (energy independent)
magnetic scattering amplitudes which are positive for η=0 and negative for η=-60◦. The blue and
red lines show intensities (square modulus of amplitudes) for η=0 and η=-60◦ respectively.
Hubbard U (LSDA+U)11 and spin-orbit coupling (LDA+U+SO)12. The crystal structure
data were taken from the literature13. The radii of atomic spheres have been set to r(Fe)=
1.45 A˚, r(B)= 0.74 A˚ and r(O)= 0.85 A˚. In order to fill the interstitial space in the unit
cell the required number of empty spheres was added.
Previous theoretical investigations aiming at the description of the insulating state of
iron borate demonstrated that the choice of the on-site Coulomb interaction, U plays an
important role in reproducing the correct value of the bandgap of 2.8 eV14,15. Depend-
ing on the method the value of the U parameter varies from 2.97 eV (many-body model
calculations) to 7 eV (first-principles calculations)16,17. In the present work we focus on
the correct description of the magnetic couplings between iron moments and the value of
the canting angle observed in experiment. As we will show below, good agreement can be
achieved with U=5 eV. The same value was used to reproduce the electronic and magnetic
structure of haematite (α-Fe2O3) – another classical example of antiferromagnet with weak
ferromagnetism18.
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FIG. 11. Band structure (left panel) and partial densities of states (right panel) in iron borate
obtained from LSDA+U calculation with U= 5 eV. Partial DOSs of Fe 3d and O 2p are shown by red
and green colours correspondingly. DOSs originating from iron atoms with antiparallel magnetic
moments (not shown here) are mirrored replicas of Fe 3d DOS with swapped spin channels.
Fig. 11 gives the band structure and partial densities of states (DOSs) calculated using
the LSDA+U approach for antiferromagnetic (AFM) configuration (without spin canting).
The electronic spectrum agrees with that presented in previous works17. One can see that
the unoccupied bands above the Fermi level demonstrate localized behaviour. They mainly
originate from the iron 3d states. This is not the case for valence band where a strong
hybridization of the 3d iron and 2p oxygen states is observed. The LSDA+U value of the
energy gap of 2.7 eV is in excellent agreement with experimental value.
The previous ab-initio investigations17 revealed two possible magnetic solutions with high-
spin and low-spin ground states. In our calculations we can reproduce both of them by
varying the value of the initial spin splitting for the on-site LSDA+U potential. The resulting
magnetic moments are MFe = 4.28 µB for high-spin (S =
5
2
) and MFe = 1.1 µB for low-spin
S = 1
2
) states. Below we will consider the high-spin solution which is the ground state at
ambient conditions (and corresponds to experimental data). The calculations performed for
the ferromagnetic configuration of iron moments demonstrate a finite magnetization of the
oxygen atoms (∼ 0.2 µB), which is another manifestation of a strong hybridization between
20
iron and oxygen states.
V. THEORY: ISOTROPIC MAGNETIC COUPLING
Having described the antiferromagnetic ground state without spin-orbit coupling we are
going to analyse the low-energy magnetic excitation spectrum of the system to obtain in-
formation about isotropic exchange (IE) interactions for the Heisenberg Hamiltonian, i.e.
the first term in Eq. (1)(main text). For this purpose, one can use a magnetic force theo-
rem that, being formulated in terms of Green’s functions, have produced an array of very
reliable results concerning magnetic couplings in transition metal oxides19,20. Starting from
the collinear ground state the exchange interaction parameters are determined via calcu-
lation of second variation of total energy δ2E for small deviation of magnetic moments,
Jmn = δ
2E/δSmδSn. The advantage of this method is that the expression for the second
derivative can be derived analytically and requires for its evaluation only calculation of the
integral over the product of the one-electron Green’s functions.
The isotropic exchange interactions between magnetic moments calculated for U= 5 eV
are presented in Table I. It shows that there is a strong interaction of the central site 0 and
iron atoms that belong to the first coordination sphere. The couplings with next nearest
neighbours are at least of one order of magnitude smaller and we can neglect them. The
leading magnetic interaction of 10.3 meV is in good agreement with experimental estimate
of 7.5 meV in21. These results, obtained with the magnetic force theorem, can be confirmed
by the total energy difference method where the exchange interaction defined22 as J =
(EFM − EAFM)/4z. Here EFM (EAFM) is energy of the ferromagnetic (antiferromagnetic)
configuration and z = 6 is a number of nearest neighbours. We obtain J =9 meV, which is
in good agreement with the Green’s function method results.
TABLE I. Calculated values of isotropic exchange interactions between magnetic moments in
FeBO3 (in meV). The number in parentheses denotes the coordination sphere.
Fe(1) Fe(2) Fe(3) Fe(4) Fe(5) Fe(6) Fe(7)
10.28 0.21 0 0.54 -0.08 0 0.02
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VI. THEORY: MODELING THE CANTED STATE
The experimental investigations revealed that in the ground state there is a canting of
the magnetic moments with respect to the antiferromagnetic configuration. The value of the
canting of 0.96◦ is one order of magnitude larger than that observed in other antiferromag-
nets with weak ferromagnetism such as Fe2O3 and La2CuO4
18. To describe this non-collinear
magnetic state we performed LDA+U+SO12 calculations that incorporate spin-orbit cou-
pling. The latter leads to an orbital magnetism and is responsible for magnetocrystalline
single-site anisotropy and Dzyaloshinskii-Moriya interactions between magnetic moments.
Depending on initial directions of the magnetic moments in our calculations we simulated
different magnetic configurations. Two stable magnetic states, with moments lying along x
and z axes, were obtained. The main difference between these solutions is that we observe a
canting of the spins when moments are lying in the xy plane (Table II). This is not the case for
z-oriented configurations where they are strictly antiparallel. The LDA+U+SO value of the
canting angle, φLDA+U+SO = 0.96
◦ is in excellent agreement with the experimental estimate.
The energy difference between x- and z-type magnetic configurations Extotal−Eztotal = −0.07
meV indicates that the non-collinear canted configuration corresponds to the minimum of
the system energy.
TABLE II. Absolute values (µB) and directions of spin and orbital magnetic moments of iron atoms
in the unit cell. These results were obtained from the self-consistent LDA+U+SO calculations.
Fe(i) moment ex ey ez
A |~S| = 4.249 -0.999 -0.016 0
|~L| = 0.027 -0.999 -0.017 0
B |~S| = 4.249 0.999 -0.016 0
|~L| = 0.027 0.999 -0.017 0
Using the calculated magnetic moments (Table II) we can obtain the sign and value of
some components of the Dzyaloshinskii-Moriya interaction in the Hamiltonian given by Eq.
1 (main text). Since the vector product [S1 × S2] is parallel to z-axis, the corresponding
anisotropic coupling must be antiparallel in order to minimize the energy of the system,
i.e., DzAB < 0. As for the absolute value of the DM interaction, it can be estimated via
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canting angle and isotropic exchange interaction, |DzAB| = 2J |Sy/Sx| = 0.33 meV. Here J
= 10.3 meV, the isotropic exchange interaction of the Fe atom with the nearest neighbours.
Thus the estimated z-component of the DM interaction can be associated with the individual
antisymmetric exchange interaction of the 0th site with atoms belonging the first coordination
sphere.
VII. THEORY: CORRELATED BAND METHOD FOR CALCULATING THE
DZYALOSHINSKII-MORIYA PARAMETERS
Here, we present a second, and very general, method for the calculation of individual
DM interactions. There are two important methodological steps in our approach. First, we
consider the effect of the local rotations δϕm of the total angular momentum operator,
Rˆm = exp(iδϕm · Jˆm), on the inter-site (hopping) part of the Hubbard Hamiltonian with
rotationally invariant form of the Coulomb interaction, Hˆ ′mn = Rˆ
+
mHˆmnRˆn. The second
step is to integrate out the fermionic degrees of freedom in the expression for the variation
of the total energy. This is an adiabatic approximation23 where we assume that the spin
dynamics with the typical energy scale varying from 0.05 meV (DM interaction) to 10
meV (isotropic exchange interaction) is much slower than the electronic processes with
characteristic energies of intra-atomic exchange or bandwidth (∼1 eV). The actual time
scales of spin and electronic processes in a particular strongly correlated system are accessible
with advanced experimental techniques. In this respect an important information about spin
dynamics in FeBO3 due to the ultrafast laser impulse was reported in the literature
24,25.
The resulting variation of the electronic Hamiltonian has a very compact form and con-
tains the Dzyaloshinskii-Moriya interaction (anticommutator) and symmetric anisotropic
exchange interaction (commutator),
δE = − i
2
∑
mn
(δ~ϕm − δ~ϕn)TrL,σ
{
Nnm[Jˆ, tˆmn]+
}
− i
2
∑
mn
(δ~ϕm + δ~ϕn)TrL,σ
{
Nnm[Jˆ, tˆmn]−
}
, (7)
where Nnm is the energy-integrated inter-site Green’s function (occupation matrix) which
describes the propagation of an electron from site n to m, Jˆ is the total moment operator
and tmn is the hopping matrix. Being formulated in the Wannier function basis this ap-
proach naturally takes into account the hybridization between metal and ligand atoms of
23
FIG. 12. Classification of Dzyaloshinskii-Moriya materials with respect to the strength of correla-
tion and spin-orbit coupling effects. The ratio between the band width (t) and on-site repulsion
(U) shows the degree of correlations. The coloured regions denote working space for correlated
band DM method.
the strongly correlated system - important for simulation of itinerant magnets where there
is a strong delocalization of the magnetic moment. All matrices are in spinorial form and
corresponding spin and orbital indices are omitted. From Eq. (7) one clearly sees that DM
interaction is an antisymmetric interaction of kinetic origin. The use of the total angular
momentum operator allows us to probe the spin and orbital structure of the hopping matrix.
In contrast to other numerical approaches18,26,27 for calculating DM interaction which
are based on the rotation of the on-site exchange fields, our method has fully inter-site
formulation (i.e. the rotation of the hopping matrix). For the case of orbitally-independent
magnetic excitations the on-site and inter-site considerations provide two alternative ways to
solve the problem of the determination of spin Hamiltonian parameters. On the other hand
our inter-site approach becomes preferable when the potential depends on the particular 3d
orbital, and spin-orbit coupling is taken into account. In this case the ‘on-site’ formulation
leads to a complicated situation where, in general, the spins of different orbitals can be
noncollinear to each other (intra-atomic noncollinear magnetic ordering)23, requiring the
spin dynamics for different orbital states to be treated independently at one site. In turn,
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such an orbital resolution complicates the resulting magnetic model that will also have orbital
degree of freedom. As we previously demonstrated28 our inter-site consideration allows one
to preserve the simplicity of the magnetic model while taking into account orbital and spin
excitations of the system. Thus, the correlated band method for calculating DM interaction
parameters can be used for a wide range of materials (Fig. 12) with different strengths of
the spin-orbit coupling and correlation effects.
For FeBO3, the calculated anisotropic exchange interactions between atom 0 and atoms
that belong to the first coordination sphere (Fig. 1, main text) are presented in Table III.
They are not independent and can be transformed to each other by using the symmetry
operations of the space group R3¯c. For instance, the transformation from the bond 0-1 to
0-2 corresponds to the rotation on 120◦ around x-axis. Such an operation changes neither
the z-component of the position vector nor the Dzyaloshinskii-Moriya vector. There is also
an inversion centre at the 0th site, which means that the following relations are satisfied,
~D01 = ~D04, ~D02 = ~D06 and ~D03 = ~D05. From Table III one can see that our numerical
method reproduces these relations with a good accuracy and that the sum of all DM vectors
lies along the three-fold axis, z. Moreover, the sign of DMI fully corresponds to the canted
ground state of FeBO3 obtained in LDA+U+SO calculations.
TABLE III. Parameters of Dzyaloshinskii-Moriya interaction (in meV) calculated by using Eq.(7).
Bond m− n Rmn Dmn (meV)
0-1 (1.0 ; 0.0 ; -0.9044) (-0.249; 0.0; -0.240)
0-2 (-0.5 ; -
√
3/2 ; -0.9044) (0.124 ; 0.216 ; -0.240)
0-3 (-0.5 ;
√
3/2 ; -0.9044) (0.124 ; -0.216 ; -0.240)
0-4 (-1.0 ; 0.0 ; 0.9044) (-0.249; 0.0 ; -0.240)
0-5 (0.5 ; -
√
3/2 ; 0.9044) (0.124 ; -0.216 ; -0.240)
0-6 (0.5 ;
√
3/2 ; 0.9044) (0.124 ; 0.216 ; -0.240)
Having calculated all the parameters of the spin Hamiltonian we are in position to describe
the weak ferromagnetism observed in iron borate. For this purpose, one should define the
canting angle and the plane of the spin rotation, δφ, which can be done in the mean-field
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approximation,
δφ =
∑
nD0n
2
∑
n J0n
(8)
Here the summation runs over the atoms that belong to the first coordination sphere. The
symmetry of the canting is defined by the symmetry of the magnetic torque, i.e. the summary
DMI. In our case the latter is along z axis, which means the rotation of the spins occurs in
the xy plane. The value of |φ| calculated this way is equal to 0.7◦, which is only slightly
smaller than the value obtained above by self-consistent calculation and the experimental
value of 0.9◦.
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